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Characterizations are given of when thc metric projection PM onto a proximal
subspace M has a continuous, puintwist: Lipschitz continuous, or LipschitL \;011

tinuous selection, Moreover, it is shown that if PM has a continuous sc!ccti-:m, then
it has one which is also homogeneous and additive modulo M, An analogous result
holds if PM has a pointwise Lipschitz or Lipschitz continuous selection provided
that M is complemented, If dim M < "f~ and Pl1 is Lipschitz (resp. pointwise
Lipschitz) continuous, then PM has a Lipschitz (resp. pointwise Lipschitz) con·
tinuous selection. A conjecture of R. Holmcs and B. Kripke (Michigan Math. J. 15
(1968),225-248) is resolved. .c, 19H9 AcademIC Press. Inc

1. I~TRODUCTIO]\;

A (linear) subspace M of a normed linear space X is called proximinal
(resp, Chebyshev) if, for each XE X, the set of "best approximations" to x
from M,

PM(X):= {YEMlllx-Yil= inf Ilx-mll},
mE:: .\1

(1.1 )

is nonempty (resp, a singleton), For example, any finite-dimensional
subspace or any closed subspace in a reflexive space is proximinal, and a
proximinal subspace in a strictly convex space is Chebyshev, Throughout
the sequel, M is assumed to be proximinaL The set-valued mapping
PM: X -> 2 M thus defined is called the metric projection onto M, A selection
for PM' or a metric selection for M, is any function p: X -> M such that
p(x) E P M (:'() for all x E X In this paper, we are mainly interested in
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selections which are also continuous, pointwise Lipschitz continuous, or
Lipschitz continuous. (Conditions under which linear selections exist have
been extensively studied in [2] and [9].) For much of what is known
about these problems, the reader may consult the surveys [3] and [13].

Since we have to deal with set-valued mappings other than metric
projections, we give the main definitions for a general set-valued map.

Let X and Y be (real) normed linear spaces and F: X ~ J"f'( Y), where
J"f'( Y) denotes the collection of all nonempty, closed, bounded, and convex
subsets of Y. F is said to be homogeneous if

F(rxx) = rxF(x), XEX, rxE IR. (1.2)

F is called bounded if there is a constant c > 0 such that

sup{llyll IYEF(x)} ~c Ilxll, xEX. (1.3)

For example, if M is a proximinal subspace of X, then it is well known that
PM: X ~ J"f'(M) and PM is homogeneous and bounded with constant c = 2.
Moreover, PM is "additive modulo M." That is,

(1.4)

for all XEX, mEM.
The Hausdorff metric h on J"f'( Y) is defined by

h(A, B):= max{sup d(a, B), sup d(b, A)},
aEA bEB

where d(x,A):=inf{llx-alllaEA}. The mapping F:X~J"f'(Y) is
pointwise Lipschitz continuous if for each x E X there exists a constant
A(X) > 0 such that

h(F(x),F(y))~A(x)Ilx-YII, YEX. (1.5)

If in this definition the same constant A works for all x E X, F is called
Lipschitz continuous. F is called uniformly continuous if for each e > 0 there
exists 15>0 so that h(F(x), F(y))<e whenever x, y in X and Ilx- yll <b.
F is called lower semicontinuous at x E X if Xn ~ x and y E F(x) implies
d(y, F(xn )) ~ O.

A selection p for PM is said to be homogeneous or additive modulo M
if it has this property regarded as a singleton-valued mapping, i.e.,

or

p(rxx) = rxp(x),

p(x + m) = p(x) +m,

xEX,rxEIR

XEX, mEM.

(1.6)

(1.7)
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Finally, the kernel of the metric projection PM is the set
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We can now outline some of the main results of this paper. In Section 2,
it is noted that if P~f is Lipschitz (pointwise Lipschitz) continuous, then it
admits a selection with the same property (Corollary 2.4). A conjecture of
Holmes and Kripke [8] is also resolved.

In Section 3, characterizations are given for when PM has a continuous
(resp. pointwise Lipschitz continuous, Lipschitz continuous) selection
which is homogeneous and additive modulo M (Theorem 3.3). Also, it is
shown that p.w has a continuous selection if and only if PM has a
continuous selection which is homogeneous and additive modulo :'vi
(Theorem 3.4). If M is complemented, then PM has a Lipschitz (resp.
pointwise Lipschitz) continuous selection if and only if it has a selection of
the same type which is homogeneous and additive modulo M
(Theorem 3.5). A characterization is given of the proximinal subspaces of
finite codimension which have continuous metric selections (Theorem 3.7).
In the particular case when M is Chebyshev, a result of Cheney and
Wulbert [1] is recovered (Corollary 3.10).

2. LIPSCHITZ CONTIJ-;UOUS METRIC PROJECTIO'>;S

Our first observation is that Lipschitz continuity and uniform continuity
are the same for a certain class of set-valued mappings which include
metric projections.

2.1. PROPOSITION. Let F: X -+ .1f( Y) he bounded and homogeneous. Then
the foffowing statements are equivalent:

(1) F is Lipschitz continuous;

(2) F is uniformly continuous.

Pro(~t: (1) => (2) is obvious.

(2) => (l). Assume F is uniformly continuous. Then there exists J > 0
such that

h(F(x), F(y))~ I =b-- 16

whenever 'Ix - yll ~ J. Setting I. = J t, we see that

h(F(x), F(y)) ~ I.b
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whenever Ilx - YII ~ b. For any x, y in X with x f= y, set

_ bX
x=---

Ilx-yll'

Then Ilx - yll = b implies

h(F(x), F(y)) ~ Ab = A Ilx - YII. (2.1.1 )

By the homogeneity of F and the positive homogeneity of h, we see that

h(F(x), F(j!)) = h (11x ~ yll F(x), IIx ~ yll F(y))

b
Ilx- yll h(F(x), F(y))

= Ilx - YII h(F( ) Fi( )).
Ilx-yll x, y

From (2.1.1) and (2.1.2) there follows

h(F(x), F(y)) ~ A Ilx - yll.

Thus F is Lipschitz continuous. I

(2.1.2)

2.2. COROLLARY. If M is a proximinal subspace of X, then PM is
Lipschitz continuous if and only if PM is uniformly continuous.

Remark. In the particular case that M is a Chebyshev subspace, this
corollary was established by Holmes and Kripke [8J by a similar
argument.

If the metric projection onto a finite-dimensional subspace is (pointwise)
Lipschitz continuous, then it admits a selection with the same continuity
property. This is a consequence of the following more general result.

2.3. PROPOSITION. Let Y be a finite-dimensional subspace of X and
F: X --+ £(Y). If F is Lipschitz (resp. Pointwise Lipschitz) continuous, then
F has a selection which is Lipschitz (resp. pointwise Lipschitz) continuous.

Remark. Proposition 2.3 was proved by Przeslawski [14J and
Dommisch [5J in the case where F is Lipschitz continuous and Y = W. In
general, by using the Steiner point [15J of a compact convex set in IRn, we
can easily prove Proposition 2.3. Here we outline only the idea of the proof
since the details are readily verified.
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Let dim Y = n and let qJ be the isomorphism between Y and iW. Let
a: Jf'( W) ~ iR n denote the "Steiner map" [15]. Then s = qJ 1 c a " ~o c F is a
Lipschitz (resp. pointwise Lipschitz) continuous selection of F. Moreover,
we have

!!s(x) - s(y)11 ~ IlqJ -111 .n· IlqJ~1 .J.(x) Ilx - YII

for all x, Y E X, where ).(x) denotes the Lipschitz constant of F at x.
The first author is indebted to Joram Lindenstrauss for introducing him

to Steiner points which resulted in Proposition 2.3.

2.4. COROLLARY. Let M be a finite-dimensional subspace of X. If p.11 is
Lipschitz (resp. pointwise Lipschitz) continuous, then PM has a selection
l1ihich is Lipschitz (resp. pointwise Lipschitz) continuous.

Holmes and Kripke [8] made the following conjecture.

CONJECTl:RE. If X is strictly convex and reflexive and there exists a
constant ). > 0 such that for each closed convex set K in X,

(x, yEX), (* )

then X must be isomorphic to Hilbert space.

The next theorem and corollary show in particular that the
Holmes Kripke conjecture is true. In fact, it is true under somewhat
weaker hypotheses.

2.5. THEOREM. Let X be a reflexive Banach space and suppose that the
metric projection onW each closed subspace has r) Lipschitz continuous metric
selection. Then X is isomorphic to Hilhert space.

Proof By a result of Lindenstrauss [10, Corollary 1 of Theorem 3],
each closed subspace must be complemented. By the complemented sub
space theorem of Lindenstrauss and Tzafriri [11], the result follows. I

2.6. COROLLARY. Let X be a reflexive and strictly convex Banach space.
rr each closed subspace has a Lipschitz continuous metric projection, then X
is isomorphic to Hilbert space.

This corollary clearly substantiates the Holmes-Kripke conjecture. In
fact, for X to be isomorphic to Hilbert space, it is only necessary that (*)

hold for each closed subspace K (and not every closed convex set K) and
the constant ;. in (*) may depend on the approximating subspace K (and
not be universal for all K).
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3. CHARACTERIZAnONS Of CONTIJ>,;UOUS, POINTWISE LIPSCHITZ

CONTINl;OUS, AND LipSCHITZ COJ>,;TIJ>,;UOUS METRIC SELECTIONS

Our first result shows that for a general class of set-valued mappings
(which includes metric projections), the existence of a selection satisfying
anyone of the three continuity properties being considered is equivalent to
the existence of one which is also homogeneous.

3.1. LEMMA. LeI F: X -+ £( Y) be hounded and homogeneous. Then lhe
fo/lOl,,'ing slalemenls are equivalenl:

(1) F has a (conlinuous, poinlwise LipschilZ continuous, Lipschilz
cOnlinuous) seleclion;

(2) F has a (conlinuous, pointwise LipschilZ continuous, Lipschitz con
linuous) selection which is homogeneous.

Proof It suffices to prove (1) => (2). Let F have a (continuous,
pointwise Lipschitz continuous, Lipschitz continuous) selection! Define]
on X by

](x) =gI!xll [f(x/llxil) - f( -x/llxll)]

Clearly,] is odd (i.e.,]( - x) = -](x» and

11](x)11 ~ c Ilxll, x E X,

if x#O

if x=o.

since l!f(x)11 ~ c Ilxll. (Here c is the constant of Relation (1.3) appearing in
the definition of boundedness of F.)

Since F is homogeneous, F(O) = {O} so ](0) = 0 E F(O). If x # 0, then

](x) = ~ Ilxll f(x/llxli) - ~ Ilxll f( -x/llxll)

E ~ Ilxll F(x/ilxll) - ~ I!xll F( -x/llxll)

= ~F(x) + ~F(x) = F(x)

since F(x) is convex. Thus 7is an odd selection for F.
Next suppose x # o. If a> 0, then

1
](cu) =2IICJ.xll [f(ax/llnll) - f( -ax/llaxil)]

oc
= 2II x ll [f(x/llxll) - f( -x/llxll)] = oc](x).
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If ~ < 0, then - ~ > 0 and since] is odd. we get

.J(:J.x) =.l( (- a)( - x)) = -:J.J( - x) =~.l(.,).
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Thus.1 is a homogeneous selection for F.
It remains to show that f is (continuous, pointwise Lipschitz continuous,

Lipschitz continuous).
Assume first that f is pointwise Lipschitz continuous. Then for each x E X

there exists ).(x) > 0 such that

Ilf(x) - f(y);1 ~ X(x) !Ix - Yi" Y E X.

We will show that] is pointwise Lipschitz continuous.
Fix any x E X\ {O}. Then for each Y E X\ {O}, we have

~).(x/'Ixll) [~llx- Yli + 1-.
1
-. __1_1 'iY!I]

I'xll Ilxll IIYII

Replacing x and Y with their negatives in this inequality, we obtain

ilf( -x/!Ixli) - f( - Y/;!YII );1 ~ 2).( -x/lix::)II1II jx- y:!.
IX i

From these two inequalities, we deduce

I ](x/llxll) - .l(y/Ii YIIH

1 . 1
~ 2Ilf(x/llx!l) - f(y/Ilyll )11 + 21\f( -x/llxi!) - f( - y/!:.vli )il

1
~ [J.(x/llxll) + A( -x/I!xll)] -,-, j'x - yi!.

Ilxl!

Finally, using the latter inequality, we obtain
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IIJ(x)- J(Y)II = IIIIX II JCI:II)-IIYII JCI~II)II

~1'X"II}C:,,)-J(II~II)II+"'X"-lIy"'IIJC,~,,)11

~ [A C:II) +A (~~)JIlx- yll +cIlx- yll

= A(X) Ilx - yll,

where A(X):= A (xlllxll)+A( -xlllxll)+c. Also,

IIJ(x) - J(O)II = IIJ(x)11 ~ cIlxll ~ A(X) Ilxll·

Thus J is pointwise Lipschitz continuous at x with constant A(X).
Since for all y E X,

IIJ(O) - J(Y)II = IIJ(Y)II ~ cIlyll =: A(O) Ilyll,

we see that J is pointwise Lipschitz continuous.
This argument also proves that J is Lipschitz continuous (with Lipschitz

constant A= 2A + c) whenever f is Lipschitz continuous (with constant A).
Finally, the argument that J is continuous if f is continuous is a simple

exercise. I
Remark. It is worth noting that if· S = S(X) = {x E X I Ilxll = I}, our

proof actually shows that Statement (2) is equivalent to

(1') FI s has a (continuous, pointwise Lipschitz continuous, Lipschitz
continuous) selection.

Let M be a proximinal subspace of X. The quotient space XIM is
normed as usual by

Ilx +Mil: = d(x, M).

Let F: X ~ .Yt'(X) be a "submap" of PM (i.e., F(x) c PM(X) for every x)
which is additive modulo M. We define· a mapping F on XIM by

F(x+M):= x-F(x), XEX.

(To see that F is well-defined, let x + M = Y + M. Then m := x - Y E M
and since F is additive modulo M,

x-F(x) = y+ m-F(y+ m) = y -F(y).)
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The next technical lemma is the key element in the main results of this
section.

3.2. LEMMA. Let M be a proximinal subspace of X and suppose that
F: X -+ .?f~(X) is a suhmap of PM which is homogeneous and additive modulo
M. Then

(1) Fis homogeneous, bounded, and F: XIM -+ £.(X).

(2) F has a (continuous, pointwise Lipschitz continuous, Lipschitz con
tinuous) selection which is homogeneous and additit:e modulo M if and only
if F has a (continuous, pointwise Lipschitz continuous, Lipschitz continuous)
selection.

(3) F is lower semicontinuous if and only if Fis lower semicontinuol/s.

Proof ( 1) Since F is homogeneous, for any :x E IR,

F[CI.(x + M)J = F(c<x + M) = c<x - F(c<x)

= :x[x - F(x)] = :xF(x + M)

so F is homogeneous. To see that F is bounded, let x E X and Y E F(x + M).
Then y = x - Yo for some Yo E F(x) c P"Ax). Hence

Ilyl! = Ilx - Yoll = lix + Mil·

That is,

sup{ liYl1 Iy E F(x + M)} = !!x + Mil

and F is bounded. Finally, since F(x) E .?f'(X), F(x + M) E £(X).

(2) Suppose F has a (continuous, pointwise Lipschitz continuous,
Lipschitz continuous) selection f which is homogeneous and additive
modulo M. Define.1 on X/M by

.1(x+ M) = x - f(x), XEX.

By (l), .1 is well-defined, bounded, homogeneous, and .1: XIM -+ Jf( X).
Furthermore, .1 is a selection for F.

If f is pointwise Lipschitz continuous, then for each x E X there exists
i.(x) > 0 such that

il/(x)- f(Y)11 ~i.(x) I!x- yll,

Then, for any m E M,

yEX.
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11](x+M)- ](y+M)11 = Ilx- f(x)- (y- f(y))11

= Ilx- y-m- [f(X)- f(y+m)]11

~ Ilx- y-mll + Ilf(x)-f(y+m)11

~ [1 +A(X)] Ilx- y-mll.

Taking the infimum over all mE M, we obtain

11](x + M) - ](y + M)II ~ (1 + A(X)) d(x- y, M)

= (1 + A(X)) Ilx + M - (y + M)II·

Thus] is pointwise Lipschitz continuous. In particular, if f is Lipschitz
continuous, so is J

Now suppose f is continuous and Xn+ M -4 X + M, i.e., d(xn - x, M) -4 O.
Select m nE M so that Xn - x - m n -4 0 or Xn - m n -4 x. Then

](xn+M) = Xn - f(xn) = Xn - m n - f(xn - m n)

-4 x- f(x) = ](x+ M)

implies that] is continuous.
For the converse, let] be a (continuous, pointwise Lipschitz continuous,

Lipschitz continuous) selection for F. By Lemma 3.1, we may assume]is
homogeneous. Define f on X by

f(x):= x- ](x + M), XEX.

Then f is a selection for F which is homogeneous. Further, for any mE M,

f(x+m)=x+m- ](x+m+M)=x+m- ](x+M)

=f(x) +m

so f is additive modulo M.
The proof that f is (continuous, pointwise Lipschitz continuous,

Lipschitz continuous) is similar to the first part of the proof.

(3) Let F be lower semicontinuous. Then for any x E X, Y E F(x), and
Xn -4 x, we have that d(y, F(xn)) -4 O. To show that F is lower semi
continuous, let XEX, xn+M -+x+M, andYEF(x+M). We need to verify
that d(y, F(xn+ M)) -4 O. Select m nE M such that Xn - m n -4 x. Then
y=x- Yo for some YoEF(x), so

d(y, F(xn+ M)) = d(y, Xn - F(xn))

=d(x- Yo, xn-mn-F(xn-mn))

~ Ilxn - m n - xii + d(yo, F(xn - m n))

-40 as n -4 00.
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Conversely, let F blower semicontinuous, x" --+ x, and y E F(x). Then
x" + M --+ x + M and x - y E F(x + M) implies that

d(y, F(x,,)) = d( - y, - F(x,,)) = d(x - y, x - F(x,,))

= d(x - y, x - x" + x" - F(x,J)

= d(x- y, x- x" + F(x" + M))

~ Ilx-x,,11 +d(x- y, F(x,,+M))--+O,

so F is lower semicontinuous. I
A subset N of X is called homogeneous if ':J.N eN for each ':J. E R If M is

a proximinal subspace of X and N is a subset (not necessarily a subspace)
of X, we will write

to mean that each x E X has a unique representation as x = m + n, where
mE M and nEN.

Recall that the quotient map Q= QM: X --+ XIM, defined by
Q(x)=x+M, is linear, IIQxl1 ~ Ilxli for every x, and ilQx'1 = l!x!1 for each
x E ker P"f' In particular, for any subset N of X, the restriction mapping
Q Is is Lipschitz continuous.

A homeomorphism f between two metric spaces is called a Lipschitz
(resp. pointwise Lipschitz) homeomorphism provided that both f and f I

are Lipschitz (resp. pointwise Lipschitz) continuous.
We can now characterize when the metric projection has a selection

having one of three continuity properties and which is also homogeneous
and additive modulo M.

3.3. THEORE'J. For a proximinal suh.\pace M of the normed linear .\pace
X, the following statements are equivalent:

(1) P"f has a (continuous, pointwise Lipschitz continuous, Lipschitz
continuous) selection which is homogeneous and additive modulo M;

(2) ker PM contains a closed homogeneous suhset N such that
X = M EB N and the mapping p('m + n) = m is (continuous, pointwise
Lipschitz continuous, Lipschitz continuous);

(3) ker PM contains a closed homogeneous subset N such that Q IN is
a (homeomorphism, pointwise Lipschitz homeomorphism, Lipschitz
homeomorphism) hetween N and XIM.

Moreo,;e,., the desired selection is gi,;en hy p if (2) holds and by
xl-+x-(QI",,)-l (x+M) if (3) holds.
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Proof (l) = (2). Let p be a (continuous, pointwise Lipschitz con
tinuous, Lipschitz continuous) selection for PM which is homogeneous and
additive modulo M. Let N = p-l(O). Then N is closed, homogeneous, and
N c ker PM' Also, for each x E X,

p(x- p(x))= p(x)- p(x)=O,

so x - p(x) E N and x = p(x) + (x - p(x)). This shows that X = M + N. If
x = m + n for some mE M and n E N, then

p(x)= p(m +n) = p(n) +m=m

and n = x - p(x). Thus the representation of x is unique and hence
X = M EB N. Since the mapping m + n~ m is just p, Statement (2) follows.

(2)=(3). Suppose ker PM contains a closed homogeneous subset N
such that X = M E8 N and the map p(m +n) = n is (continuous, pointwise
Lipschitz continuous, Lipschitz continuous). First note that p is homo
geneous and additive modulo M. Also, x - p(x) E N for every x so

Ilx- p(x)11 =d(x- p(x), M)=d(x, M).

That is, p is a selection for PM' By Part (2) of Lemma 3.2, with F = p, we
see that p is (continuous, pointwise Lipschitz continuous, Lipschitz con
tinuous).

Claim. Q IN: N ~ XIM is bijective and (Q IN) I = p.

Assuming the claim is true, then since Q IN is Lipschitz continuous,
Statement (3) follows. Thus it remains to verify the claim.

To verify that QIN is injective, let ll;EN U=1,2) and Q(nd=Q(n2)'
Then n 1 + M = n2+ M so m := n 1 - n2E M and n 1 = m + n2' By uniqueness
of the representation for n l' n 1 = n2 and m = O. Thus Q IN is injective. For
any x E X, X = m + n for some mE M, n E N. Thus

x+M=n+M= Q(n),

so Q IN is surjective, hence bijective.
Next note that for any x E X, X - p(x) E Nand

Q(x- p(x)) = x - p(x) + M = x+ M.

Hence

(QIN) I (x+M)=x-p(x)=fi(x+M).

That is, (Q IN) 1 = P and the claim is verified.
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(3) = (I). Suppose that ker PM contains a closed homogeneous
subset N such that Q Itv is a (homeomorphism, pointwise Lipschitz
homeomorphism, Lipschitz homeomorphism) bctween Nand XjM. Dcfine

p(x):= x-(Qls) 1 (x+M), XE X.

Claim. p is a selection for PM which is homogeneous and additive
modulo M.

Assuming the claim is true for the moment, we see that p= (Q IN)' I.

Hence by Part (2) of Lemma 3.2, we deduce that p is (continuous,
pointwise Lipschitz continuous, Lipschitz continuous). Therefore, to
establish (I), it suffices to verifiy the claim.

For any XE X, x- p(x) = (QIN) 1 (x+ M)E N and, for any mE M,

p(x+m)=x+m-(QI.",') 1 (x+m+M)

=x+m-(Qls) 1 (x+M)=p(x)+m,

so p is additive modulo M. Since x - p(x) EN,

Q(x-p(x))=x- p(x)+ M

implies

(QI.V)-I (x-p(x)+M)=x-p(x)=(Q[!V)-1 (x+M).

Since QI tv is injective, x - p(x) + M = x + M, so p(x) E M. Also,

I!x- p(x)11 =d(x- p(x), M)=d(x, M)

implies p(x) E P"-1(x); i.e., p is a selection for PM' Finally, the homogeneity
of N implies that (Q IN) I, hence p, is homogeneous. This proves the claim.

The last statement of the theorem was established during the course of
the proof. I

We can now state and prove the two main theorems of this section.

3.4. THEOREM. Let M be a proximinal subspace (~l a Banach space X.
Then the following statements are equivalent:

(1) PM has a continuous selection;

(2) PM has a continuous selection which is homogeneous and additive
modulo M;

(3) ker PM contains a closed homogeneous subset N such that
X = M EB N and the mapping p(m + n) = m is continuous;

6411.'58·],5
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(4) ker PM contains a closed homogeneous subset N such that Q IN is
a homeomorphism between N and XIM.

Moreover, the continuous selection is given by p if (3) holds and by
xHx-(QIN)-l (x+M) if (4) holds.

Proof By Theorem 3.3, it suffices to prove the implication (1) = (2).
Thus, suppose PM has a continuous selection. Define F on X by

F(x) := {p(x) Ip is a continuous selection for PM}'

It was noted in [4] that F is the maximal lower semicontinuous submap
of PM' In particular, F(x) E £(X) for every x.

Claim. F is homogeneous and additive modulo M.

Assuming the claim for the moment, it follows by Part (3) of Lemma 3.2
that F: XIM -+ £(X) is lower semicontinuous. By the Michael selection
theorem [12], F has a continuous selection. By Part (2) of Lemma 3.2, F
has a continuous selection which is homogeneous and additive modulo M.
Since F is a submap of PM' this selection is also a selection for PM' That
is, (2) holds. Thus it remains to prove the claim.

To prove F is homogeneous, fix any rx E~, rx #- O. Note that for any
function p: X -+ X, we can define p': X -+ X by

1
p'(x):= - p(rxx),

rx
xEX.

It is easy to verify that p is a continuous selection for PM if and only if p'
is. Thus

F(rxx) = {p(rxx) I p is a continuous selection for PM}

= {rxp' (x) Ip' is a continuous selection for PM}

= rx{p'(x) Ip' is a continuous selection for PM}

= rxF(x)

implies F is homogeneous.
To show F is additive modulo M, fix any mE M. Again note that a

function p: X -+ X is a continuous selection for PM if and only if the
function p": X -+ X, defined by

p"(x):= p(x+m)-m, XEX,
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is a continuous selection for P\1' Thus

F(x + m) = {p(x + m} Ip is a continuous selection for PM}

= {p"(x) + m I p" is a continuous selection fr P~I}

= {p"(x) I p" is a continuous selection for PM} + In

=F(x)+m,
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so F is additive modulo M. This proves the claim. I
Fakhouri [6] has proved a related result: PM has a continuous selection

if and only if the map x ~ (x + M) n ker PM has a continuous selection
which is homogeneous.

3.5. THEOREM. Let M be a proximinal subspace which is complemented
in the normed linear space X. Then the following statements are equivalent:

(I) PM has a (pointwise) Lipschitz continuous selection;

(2) PM has a (pointwise) Lipschitz continuous selection which is
homogeneous and additive modulo M;

(3) ker PM contains a closed homogeneous subset N such that
X = Mffi N and the mapping p(m + n) = m is (pointwise) Lipschitz con
tinuous;

(4) ker PM contains a closed homogeneous subset N such that Q Is is
a (pointwise) Lipschitz homeomorphism between Nand X/ M.

Moreover, the desired selection is given by p if (3) holds and hy
x~X-(QIN)-1 (x+M) if (4) holds.

Proof By Theorem 3.3, it suffices to verify the implication (I) => (2).
Since M is complemented, there exist a closed subspace L in X and a linear
projection Ponto M along L. Thus X = M EB L. By Lemma 3.1, the map
ping F = PM II. has a (pointwise) Lipschitz continuous selection f which is
homogeneous. Define p on X by p =f 0 (I - P) + P. It is a simple exercise
to verify that p is a (pointwise) Lipschitz continuous selection for P~l

which is homogeneous and additive modulo M. I
Theorem 3.4 can be strengthened in the particular cases when M is finite

dimensional or finite-codimensional.

3.6. THEOREM. Let M be a finite-dimensional suhspace of the Banach
space X. Then PM has a continuous selection if and only if ker PM contains
a closed homogeneous subset N with X = M EB N.

Proof By Theorem 3.4, it suffices to verify that if ker PM contains a
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closed homogeneous subset N with X = M EB N, then the mapping
p: X --+ M defined by p(x) = m, where x = m +n, is continuous.

We first note that p is a selection for PM' In particular, IIp(x)11 ~211xll

for all x. Fix any x E X and let Xk --+ x. Since {p(xk)} is a bounded sequence
in the finite-dimensional space M, every subsequence of {p(xk )} has a
subsequence which converges:

(3.6.1 )

Then Xk - P(Xk) --+ x - m =: n E N since N is closed. Since x = m + nand
J J

this representation is unique, m= p(x) and n=x- p(x). By (3.6.1),
P(Xk) --+ p(x). It follows that P(Xk) --+ p(x) and p is continuous at x. I

J

Recall that a set N is called boundedly compact if each bounded sequence
in N has a subsequence which converges to a point in N.

3.7. THEOREM. Let M be a proximinal subspace having finite-codimen
sion in the Banach space X. Then PM has a continuous selection if and only
if ker PM contains a boundedly compact homogeneous subset N with
X=MEBN.

Proof Suppose PM has a continuous selection. By Theorem 3.4, ker PM
contains a closed homogeneous subset N such that Q IN is a (norm
preserving) homeomorphism between Nand X/M. Using the one-to
oneness of Q IN' it is easy to verify that X = M EB N. Since dim X/M =
codim M < 00, each bounded sequence in X/M has a convergent
subsequence. It follows that each bounded sequence in N must have a
subsequence converging to a point in N. That is, N is boundedly compact.

Conversely, suppose ker PM contains a boundedly compact
homogeneous subset N with X = M EB N. By the same proof as in
Theorem 3.6, the mapping q: X --+ N defined by q(x) =n, x =m + n, is
continuous. Thus p: = 1- q is also continuous an'd p(m + n) = m. By
Theorem 3.4, PM has a continuous selection. I

These results can be further sharpened when M is a Chebyshev subspace.
For this, it is convenient to first make the following observation.

3.8. LEMMA. .If M is a Chebyshev subspace, N c ker PM' and
X=MEBN, then N=ker PM'

Proof If not, choose y E ker PM\N. Then y = m + n for some m E M and
nEN. Hence

so y = n E N, a contradiction. I
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Next recall the well-known result of Cheney and Wulbert.
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THEOREM [1]. A closed subspace M is Chebyshev if and only if
X= MEBker P w .

3.9. COROLLARY. Let M be a Chehyshev suhspace which is complemented
in the Banach space X. Then the following statements are equivalent:

(1) P w is (continuous, pointwise Lipschitz continuous, Lipschitz
continuous );

(2) Q Iker P" is a (homeomorphism, pointwise Lipschitz homeo
morphism, Lipschitz homeomorphism) hetween ker PM and X/M.

Proof This follows by Combining Theorems 3.4 and 3.5, Lemma 3.8,
and the Cheney Wulbert theorem. I

That part of Corollary 3.9 pertaining to continuous selections (viz. P>.t
is continuous if and only if Q Iker I'\{ is a homeomorphism) was first
established by Holmes [7].

3.10. COROLLARY (Cheney and Wulbert [1 J). Let M he a Chebyshev
subspace offinite codimension in the Banach space X. Then PM is continuous
if and only if ker P w is boundedly compact.

Proof This follows from Theorem 3.7, Lemma 3.8, and the
Cheney- Wulbert theorem. I
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